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General form of the HBM

HBM

m Di
Ynsps =Un + B Bigfuim Big = /O 0;(r)dr

J=0

i=1,2,....,m

Matrix Form A1Yn+1 = ApY, + h(Ban aF Ban-l-l) ]
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Sample HBM

[ Matrix Form A1Yn+1 = AyY, + h(Ban aF BlFTH-I) ]
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Numerical Experimentation

General autonomous systems

Fry1 = f(tn+%,yn+%) = cym_%—i—d =c Ynt2 + |d| =cYny1 +d
f(tn+1ayn+1) CYn+1 +d Yn+1 d
—_—— =
Yn41 d

A1Yn41 = AoYn + h(BoFn + B1Fniy1)
A1Ynq1 = AoYn + hBo(cYn +d) + hB1(cYp41 +d)
Yont1 = PYn+Q

where P = (A; — chB1) 1 (Ag + chBy), Q = h(A; —chB1)"'(Bo + B1)d
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Numerical Experimentation

F(tnrgovns)] [e(tnes) vney +(tnrs)
Fuet =1 (tueg vy | = (e (tnrg) vmag +4(t0rg)
L [ (tnt1,Yyn+1) c(tnt1) Yn+1 +d (tnt1)
(tn+y) 0 0 [oarz] [a(tnrs)
=| 0 elarz) 0 | funaz|t]a(trs)
L 0 0 c(tnt1) Yn+1 d(tn41)
—_——— ———
Cn41 Yn41 dpy1

A1Yny1 = AoYn + h(BoFn + B1Fpy1)
Ynt1 = PuYn +Qn

where  Pp = (A1 —hBicni1) (Ao +hBocn), Qn = h(A1 —hBicat1) *(Bodn+ Bidni1)
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Numerical Experimentation

Autonomous system (time-invariant)

— =2y+4, y(0)=1, Exact: y(t) =3e* -2

c=2and d=4and Y11 = PY, +Q
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Matrix structure
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Results: Autonomous system example

Autonomous system (time-invariant)

d
d_?i =2y+4, y(0)=1, Exact: y(t) =3e* -2
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Results: Non-autonomous system example

Non-autonomous system

d
d_zt/ =2ty +4t, y(0) =1, Exact: y(t) = 3¢’ — 2
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Results: Stiff example

Non-autonomous system (stiff equation)

d
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50 (—50e =7 + sin(t) + 50 cos(t))
Exact: y(t) =
xact: y(t) 2501
1.2 15
08 e e /)
Sos < t
0.4 0.5
0.2
00 0.5 1 15 0 0.5 1 1.5
(a) Method A (b) Method B

Figure: Solution Profile
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Results: Stiff example
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Eﬂ = |y(tn+p1) - yn+pi’00a i = 1727 .., m
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Example from Chaos Theory

Consider the Lorenz system given by

1 = aly2 — 1), y1(0) =1
Yo = —11y3s +byr —y2, y2(0) =5
Yys = y1Y2 — CYs3, y3(0) =10

The parameters of the iteration scheme are

Cl(tay17y2?y3) = —a, dl(taylay27y3) = ay2,
ca(t, y1,y2,y3) = —1,  da(t, y1,¥2,93) = by1 — y1y3,
cs(t, y1,y2,y3) = —¢, d3(t,y1,y2,¥3) = y1y2

c1, co and c3 are coefficients of y1, yo and yo, respectively
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Sample Matlab code: Lorenz equation

a = 10; b = 28; ¢ = 8/3;
cl = Q(t,yl,y2,y3)—a;
,v1,y2 y3 a*y2

( )—
dl = Q(t )
c2 = Q(t,yl,y2,y3)—
d2 = Q(t,yl,y2,y3)bxy 1 — ylxy3;
c3 = Q(t,yl,y2,y3)—c;
d3 = Q(t,yl,y2,y3)yl*y2

Nt = 4000; t0 = 0; tT = 40;
b= (tT — t0)/Nt;

t = linspace (t0,tT,Nt+1);
%initial conditions

y10 = 1; y20 = 5; y30 = 10;
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Figure: Time series solution of the Lorenz equation
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Figure: Phase portraits of the Lorenz equation
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