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General form of the HBM

HBM

m Di
Ynsps =Un + B Bigfuim Big = /O 0;(r)dr

J=0

i=1,2,....,m

Matrix Form A1Yn+1 = ApY, + h(Ban aF Ban-l-l) ]
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Zero-Stability

Definition of zero-stability

m Roots of characteristic polynomial p(\) satisfy [A;| < 1.
m Roots with |A;| = 1 have multiplicity of 1.

p()\) = det [Al)\ — Ao]

For HBMs, we have

0 0 1 1 0 0
0 01

Ap = ;A= O !
0 0 1 O 0 1

p(A) = A"(A—1) = HBM is zero-stable
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Truncation error

m
Given Yn+p; = Yn + h Z 6i,jf7l+pj7
=0

Write  L[z(tn); h] = 2(tn + hpi) — 2(tn th’”z (tn+hpj) (1)

7=0
Apply Taylor series to expand (1) gives

Pl k. (k WFk k—1_(k K+1
Z A _k—JZ R CYRN /Uy
m—+1 hk

kZﬁ p 2Bt
k=2
K hk
+ T pi-thﬁz i 20 (1) + O

k=m+2 j=0
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Truncation error

Use the simplifying assumption

&
Zﬁz,gpf - p—i, (due to J.C. Butcher in [1])

gives
K ]’Lk m
Cila(tn)ihl = D 7 |PF =k Bigeh ™| 29 (tn) + O(KH)
k=m+2 j=0
Thus,
}Lm+2 m42 = (m+2) m—+3
Li[z(tn); h] = CES) pi (m+2) Z z (tn) + O(R™T)
) j=0
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Truncation error examples for M = 3

srid points A: {O. — =, Grid points B: {

B 19h5y©)(t,,) . 83h%y ) (tn)

. _ 6 . _ 6

hPy®) (t,) 6 hPy®) (t,) 6
Lo[z(tn); h] ——W+O(h e Lo[z(tn); h] ——M"‘O(h Ii;
hoyO)(t,, ; 19h°y®) (¢, ;

Both sets of points give a HBM method that appears to have a high order of
accuracy and is consistent.
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Linear stability (Absolute stability)

Region of absolute stability(RAS)

The RAS is considered to be the set of points z € C such that the roots of
the characteristic equation, associated with the Dahlquist test equation

/

y =Xy
lie within the unit circle.
When applied to the HBM with grid points A and B, we get
Y, 11 = R(2)Y,, where R(z)= (A; — 2B;) (Ao + zBo). (2)
The stability function R(z) is defined as

23 4+ 1122 + 542 + 108

== Points A

RE) = 7 s rios oW
2 (52% 4 3727 + 1352 + 216)

23 — 2022 + 1622 — 432’

R(z)=— Points B

Instability appears if for an eigenvalue A the modulus |R(z)| > 1.
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Absolute stability

Definition of A-stable
A method is A-stable is the stability domain

S:={z:|R(z) < 1|}

covers the entire left half plane C~.
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A-Stability through Order Stars

More insight is gained from comparing |R(z)| to |e?|

Definition of Order Stars

The order star of R is the region in the plane bordered by the
curve(s) matching the condition

A:={z€C:|R(2)| > |e*[}

They provide vital information, such as order and stability, in a
unified structure.
Conditions for A-stability [2]

m [f the order star contains no portion of the imaginary axis
and all poles remain within the right half plane

m A-stability fails if the order star covers a portion of the
imaginary axis.
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Order star graphs
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